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�Jå�À�, ·£Á�¹�Ò¬,¯/�m, �||ºÞB¥y3úc.

A

2008c 3�, �², I[8Ôè1�g��, o���ÇÑ
���êJK:

KKK 1. � z1, z2, z3´ 3��Ø�u 1�Eê, w1, w2´�§

(z − z1)(z − z2) + (z − z2)(z − z3) + (z − z3)(z − z1) = 0

�ü��. y²: é j = 1, 2, 3,Ñk

min{|zj − w1|, |zj − w2|} ≤ 1.

eÌ�ò�, o�~,¯/w�·, �Ñ
ù�JK�n Æ)´Üa�!

+¡)Ú�À�. c¡ü ©O´5g�®Úþ°�pÃ, @®¶(3	. 5g

ìÀ�p�Æ)�À���Ø3·��À�¥. uy/çê0
, �ö�Ñép

,. AO´��)�^X�ê�{�¤ (oJø�)� [1] ÚÜ!+��{Ñ^

�
AÛ�{), �NÑér�©ÛMõÅ. o�Ç7'Ø®, ¿±/ìÀ <0

¡��. ù´�ÐÑd«�1�
!

B

�´3 2008cI[8Ôè8ÔÏm, 1Êg��, ·r�IêÆ[ Alzer�

��àS�þ��� CauchyØ�ª��1nK. TKQãXe:

KKK 2. � 0 < x1 ≤ x2

2
≤ · · · ≤ xn

n
, 0 < yn ≤ yn−1 ≤ · · · ≤ y1.y²

� nX
k=1

xkyk

�2

≤
� nX

k=1

yk

�� nX
k=1

(x2
k −

1

4
xkxk−1)yk

�
,

Ù¥ x0 = 0.

��Âò�, ·¯�ù�Ø�ªJí? /é{ü0, ¦�
��-·¯ç�
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£�. ��, ù�K�Vk 7-8<�Ñ5. �´��JK, 3·�ý����p.

���Ñü«){, þ'IO�Y{ü. dd��, �@�ùK{ü(¢´¢{.

ìÀ <3�ê(î�ùA´©Û)þ�õÅ2g¦<òÑ.

C

2008c 6�, þ°, I[è�Ô, ·l{IêÆ�r (AMM) þé5
Xe

¯K��ÔöK:

KKK 3. � F ´��d�ê|¤�k�8, ÷v

(i)é?¿ x ∈ F,�3 y, z ∈ F ¦� x = y + z;

(ii)�3 n,¦�é?Û��ê k(1 ≤ k ≤ n)9 F ¥�?¿ k� x1, x2, · · · , xk

Ñk
kP

i=1
xi 6= 0.

y²: |F | ≥ 2n + 2.

�õêÓÆÑJø�´ãØy{. �Õ�Jø
���~�x��{, =^


�e4à©Û, g,
`ä. ��y3, ·�²~�¿mf\��Æ)ù)ù

��{, ¿~Z¡ù´/��{0.
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2009c 3�, ÉÇ, I[8Ôè�1�g��. ùg���n�K�nÜJ

Ýép, {ùW�ÇÚG�Ê (Qüg¼� IMO ÷©7ý) Ñý��Uvk<�

��én�K. Âò�, òþÑ�,¯L���rL5é·`:/8U�Kk:¿

g.0·¯¦��nKs
õ��m, ¦`s
�����. J,, ùg����

�÷©. �5�A|�Á, ��´ ] (i�P�w�·, �zg�K�mØ�L

���), þ´÷©. �î>�ß�L�, ¦·�¢3éØ��K¦�©�nd.

u´, ¥Ic����{¤þ, �)
1��3I[8Ôè�¤k�Á¥þ¼�

÷©�ÀÃ. ù´�ME�P¹, 
�ù�P¹�8vk��».

��DÛ��)üg IMO ÷©7ý (1 493Ú1 503), 2013c¼£¤Ð

�Æ)êÆ¿m�<�Uø (7ø), ¿¼�Ê�ü�ø¥�o�7ø, ��Õø.

E

2009c 6�, ÉÇ, I[è�Ô. ·1�U<
o�K, Ù¥��Kék��

JÝ¹�, §´:ß| 2000c Minklòs Schweitzer'm (�Æ)êÆ¿m) ��
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�¯K, �Qã�:

KKK 4. � a1 < a2 < a3´��ê. y²: �3Ø�� 0��ê x1, x2, x3¦�

a1x1 + a2x2 + a3x3 = 0,

� max{|x1|, |x2|, |x3|} ≤ 2√
3

√
a3.

�Ï£�ë\.�¬�, 1�U@þâº�ÂÂ`�ÉÇ. ¦s
����

�Ð
1�U�K, ,�s
��õ���¤1�U�K. éuþãJK, ¦JÑ


��{ü�y{ (�G), �Ù¥��:8 A��Ek:/Â/oi0(o��

�M��ó) �aú, -<òÑ!

F

2009c 7�, �®, I[èÑIc>�. �U, ·<�
�c�\|æI[è

Ào�ÁÁK (vk)�), Ù¥k��Ø�ª´ù��:

KKK 5. � a1, a2, · · · , an, b1, b2, · · · , bn´¢ê, c1, c2, · · · , cn´�¢ê. y²:

� nX
i,j=1

aiaj
ci + cj

�� nX
i,j=1

bibj
ci + cj

�
≥
� nX

i,j=1

aibj
ci + cj

�2

. (1)

·¯�ù�K��{. �g�
A©¨�`:/�L`²�>��þ´�K

�B�.0·Ï�X¦�?�Ú)º, ,
¦BÃ�
. ·�ò^,, ��ØB2

¯, ££g�
��eÌ, ·�ªy²
§, ²x
��{�Ñ
��. ¯¢þ,

��y²
e¡(Ø: � x1, x2, · · · , xn ∈ R, c1, c2, · · · , cn´�¢ê, K

nX
i,j=1

xixj

ci + cj
≥ 0. (2)

@o3 (2)¥- xi = aix + bi, i = 1, 2, · · · , n,B�

Ax2 + 2Cx + B ≥ 0; ∀x ∈ R. (3)

Ù¥

A =
nX

i,j=1

aiaj
ci + cj

, B =
nX

i,j=1

bibj
ci + cj

, C =
nX

i,j=1

aibj
ci + cj

.

2d (3)��Oª4 ≤ 0B� (1) .

ù`² (2) ª�>��K5��½´¯K�'�, ��{�(. �,ù��

g.��K5�½¿Ø´#�, ��þ�Óu@cÅ= (1992)���¿mÁK:
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� a1, a2, · · · , an ∈ R.y²:
nX

i,j=1

aiaj
i + j

≥ 0.

éuþã¯K, ¦+��s
A©¨, ·%s
A���. �·%pE,¿

÷
¯W. ·�: ¡é���¯K, UâÚ�<½N�k�m��O, �UÖQ!

G

3ù�!, ·�0� C¥K 3 Ú E¥K 4 ���){. �uA ¥K 1 Ú B

¥K 2 ��){, ·�PÁé�

 (��vkP¹), �Áò�µ�
Ã{�é.

�©�U6".

C ¥K 3 �):

d^� (ii) � 0 /∈ F.

e F ¥�ê���ê, �Ù¥���� x0.d^� (i)��3 y, z ∈ F ¦�

x0 = y + z, y, z´�ê. Ïd x0 > y,� x0���5gñ. ù`² F ¥�êØ�

��ê. Ón F ¥�êØU��Kê.

P F+ = F ∩R+, F− = F ∩R−,K F+, F−��.

y?����ê a1 ∈ F+,Kd (i)��3 a2 ∈ F+ ¦� a1 = a2 + z1,Ù¥

z1 ∈ F.2d (i)��3 a3 ∈ F+¦� a2 = a3 + z2,Ù¥ z2 ∈ F.Xde�, ·��

�EÑ F+���Ã¡S� {an}¦�

an = an+1 + zn, (4)

Ù¥ {zn}´ F �S�.

5¿� F+´k�8, ÏddÄT�n��3 j > i¦�

ai = aj. (5)

yÀJ¦� (5)¤á�/ªÝ0 j − i���êé (i, j),Kù� ai, ai+1, · · · , aj−1
´üüØÓ� F+¥�¢ê. q (5)�­��

(ai − ai+1) + (ai+1 − ai+2) + · · ·+ (aj−1 − aj) = 0,

�d (4)B�

zi + zi+1 + · · ·+ zj−1 = 0.

2d (ii)� zi, zi+1, · · · , zj−1 ��ê7L�u�u n + 1,½= j − i ≥ n + 1.ù

½`² ai, ai+1, · · · , aj−1 ´ F+ �üüØ�Ó����ê�u�u n + 1.Ïd
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|F+| ≥ n + 1.

Ón |F−| ≥ n + 1.

� |F | = |F+|+ |F−| ≥ 2n + 2.y.. �

E ¥K 4 �):

� k = [ 2√
3

√
a3],K k ∈ N∗� k + 1 > 2√

3

√
a3.P

A =

¨
(i, j) | i, j ∈ Z, 0 ≤ i ≤ k, 0 ≤ j ≤ k,

�k
2

�
≤ i + j ≤

�3

2
k
�«

,

K

|A| = (k + 1)2 −
 

[k
2
] + 1

2

!
−
 
k − [k

2
]

2

!

= (k + 1)2 −
[k
2
]2 + [k

2
] + (k − [k

2
])2 + (k − [k

2
])

2

= (k + 1)2 −
(k − 2[k

2
])2 + k2 + 2k

4

≥ (k + 1)2 − 1 + k2 + 2k

4

=
3

4
(k + 1)2

>
3

4
(

2√
3

√
a3)

2 = a3.

þ¡�1��Ø�Ò¤á�Ï� (k − 2[k
2
])2 ≤ 1 (du k − 2[k

2
] = 0½ 1).

®�/X ia1 + ja2
�
(i, j) ∈ A

�
�ê�k |A|�, �7kü�Ø± a3 �{ê

�Ó. Ø��

i1a1 + j1a2 ≡ i2a1 + j2a2 (mod a3), (1)

Ù¥ (i1, j1), (i2, j2) ∈ A, (i1, j1) 6= (i2, j2).

2d (1)�

(i1a1 + j1a2)− (i2a1 + j2a2) = na3, (2)

Ù¥ n ∈ Z.

25¿� (i1, j1), (i2, j2) ∈ A, 0 < a1 < a2 < a3.

e i1 ≤ i2,K

na3 = (i1a1 + j1a2)− (i2a1 + j2a2)

= (i1 − i2)a1 + (j1 − j2)a2

≤ (j1 − j2)a2
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≤ (k − 0)a2

= ka2 < ka3,

Ïd�� n < k.

e i1 ≥ i2,K

na3 = (i1a1 + j1a2)− (i2a1 + j2a2)

= (i1 + j1)a2 − i1(a2 − a1)− (i2 + j2)a2 + i2(a2 − a1)

=
�
(i1 + j1)− (i2 + j2)

�
a2 − (i1 − i2)(a2 − a1)

≤
��3

2
k
�
−
�k
2

��
a2 − 0

= ka2 < ka3,

l
�� n < k.

nþ`²ØØÛ«�¹ok n < k.

Ón�y n > −k.

� |n| < k. (3)

q5¿� (i1, j1), (i2, j2) ∈ A�ØÓ9 i1, j1, i2, j2 ∈ {0, 1, · · · , k}.¤±

|i1 − i2| ≤ k, |j1 − j2| ≤ k, i1 − i2, j1 − j2 ∈ Z�ØÑ� 0. (4)

ù�� x1 = i1 − i2, x2 = j1 − j2, x3 = −n,d (2)B�

x1a1 + x2a2 + x3a3 = 0.

d (3), (4)�ù�� x1, x2, x3Ø�� 0, �Ùýé�þ�u�u k,l
�u�u

2√
3

√
a3.y.. �

ë�©z

[1] ¥IêÆc���I[8Ôè�ö|, r�IMO#êÆc���ÁK8<

(2008)[M], uÀ���ÆÑ��, 2008.
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